
Math Logic: Model Theory & Computability
Lecture 11

Elementarity.

We know that for instructures Al , we have for each extended r-for-

fula Ylit and at A*
,

if and only if
r

(a) if Y is quantifier free , tun A FU(a) iff BFY(a) .
(b) If 4 is universal

,
hen BF Ya implies AFP(a) .

-

(c) if 1 is existencial
,
then At 4(a) implies 1 F Pla)

.

For general formulas , the if and only it doesn't hold for an arbitrary
substructure A of B.

Def . It A , I be -structures .

A a function h : A -> B is called an elementary embedding
if for each extended r-formula U/X) and EA*

,

we have

A FY(u) iff BF4(4(a) .

We denote this by h : Ace .

Remark. An elementary enhedding is in particular an embedding bease
<for injectivityIf had = (a) then BF(o =X: Chad , h(ai) so

A F (xo=x) (10,Ni) , i. e. 40 = 11. Similarly for
any relation REMIL,

an

if BER(h(a)
,
hun AFR(a) . Same for function symbols

feFunf(t) ,
We

say It A elementarily embeds into B ifthere is an eleven-

tary embedding hi Achez
,
and this is deashed by Asse B .

-

I A substructure A ofB is called elementary if the inclusion
map

A - B is an elementary embedding ,
in other words for each extended

a +a



-formal 4(i) and MEA*, we have

A t Pla) iff B FY(c) .
We denote this AGB .

Kounter) Examples. (a) (IN
,
) = (4

,
2) but not elementary because

the sentence ExJy(y < x) in true in (4, ) but

false in (IN
,
) .

(6) (IN
,
0
,
+) = ( , 0,+ but not elementary bens Ex5y(x +y = 0)

holds in 14
,
8 , A but failes in 11N

, 0 ,+) , in other words (4
,
0
,+

is a group but (IN
,
0
,
+ ) isn't

.

(c) Mulike (a)
, Cod &M, a and

Be
boot is ontlined in th

(d) It is clear that if AGI then in particular &EB and in
-

examples (a) and (b) really = failed and hence & failed .
We now give an example of ACB sit

. AEB but A & B .

In fact
,
our Af will actually be iconorphic .

let + := Tyrph = = (E) and let A and I be the following graphs :

&
·

!20!o ... Then hi AB so in particular

*

. . .... E
CIKL'H I' A = B .

(2k+ 1)'1> k
·

O
1 j4 (20 + 1) +> K

However
,
& bease in 1 O'has a neighbour but it is isolated

in A
,

i

. e. BFY10') but A#Y10)
,
where Y(x) : = Fy(xEy) .

le) Similarly : A := 124, ) is a substructure of 1 := K,) such that

A heavy A = B but AKB bease in 1 Here is an ele-

2k + k went between 8 and 2 but there isn't one in A .



Now we give a criterion/test for a substructure to be elementary .

Tarski-Vaught test (for elementarity). For a T-structure B ,
a substructure As

is elementary iff for every extended -formula 41i
, y) and af Al

if BF Jy4(a , 3) then there is a larcki-Vaught withn) at A such

that BF4( , a) .

Proof. =). Suppose A & & and BFEyYla, y). By elementarity AFEgYlas),1 -

so there is a A such that AF4(a
,
a). By elementarity again ,

B F 415
,
all

.

E. Suppose the Tarski-Vaught condition holds. To prove A we show

by induction on formulas that for each extended formula Y()
and a +A

**)
, we have AFUla) iff BFY(a) .

-

Casel. Y is atomic
,
i
.
e. either Eith or Rit, ..., tr) , for -terms to ... th

Teen 4 is gractifier fre so AfY(at iff BF Pla .

Case]
.

Y := 24.
.
Then AFzTat iff A T(a)

Sby induction) iff B(f Y(m)
iff BF - 4(i) ,

Case 3
.
4 := 4

,
VYz

. Similar to Case ?

(4 Un Tarski-Vaught condition)

Case 4
.
Y :=EyTli,g) . Then B E7y4) I iff there is at A sit

. BFY(
,
a)a

-

4

,y

by induction iff there is at A sit
.

A F Na
,
al

iff A k 5y4(a , y) .

Thus a umbstructure is elementary if it contains a Tarski-Vault



witnes for each formula of the form Eg Y(x,3). Recall But we

could define the substructure generated by a subset bear intersect
tion of substructures is again a substracture. This is not true for

elementary substructures:

Example . Let t . = 0
.

Let B : = (D) , A:
= I IN) and A +: = (IN)

.

Then it is easy to check It A- , A + Gl (by the Tarski-taught
test or by the criterion via automorphism given in HW5) but

HN) MIN = <03 and As := 1903) is not an elementary substructure
of B berse AFB since Y := ExiEx2(X , t xn) holds in I but
fails in1o

Thus
,
for a given subset ScB we can't define "the smallest element

tary substructure of B containing 3". However
,
we can still find

an elementary substructure AEB containing s that has as small

as possible cardinality , namely , 1Almax (12333) , <4).

Downward Lowenheim-Skolem Cases Axiom of Choice). For each E-structure B and ScB
,

there is AGI containing S such But IA) => max (15) , 101 , <).


